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Devwudfw
Zh frqvlghu Vkdush*v rqh idfwru prgho ri dvvhw uhwxuqv dqg lwv h{whqvlrq
wr N idfwruv lq rughu wr h{sodlq wkhruhwlfdoo| zk| glyhuvlfdwlrq fdq idlo1
Wklv prgho fdq eh xvhg wr h{sodlq qrqolqhdu ghshqghqfh dprqjvw wkh dvvhwv
lq d sruwirolr1 Wkh uhvxow lv lqwlpdwho| uhodwhg wr wkh wdlo glvwulexwlrq ri wkh
gulylqj idfwru/ wkh pdunhw1 Zh vwxg| wkhvh surshuwlhv iru jhqhudo fodvvhv
ri glvwulexwlrq ixqfwlrqv1 Zh qg dv|pswrwlf frqglwlrqv rq wkh wdlov ri wkh
glvwulexwlrq zklfk ghwhuplqh zkhwkhu glyhuvlfdwlrq zloo vxffhhg ru idlo lq
wkh suhvhqfh ri d pdunhw idoo1 Wxuqlqj wr h{dfw dqdo|vlv/ zh fkdudfwhul}h wkh
rqo| glvwulexwlrq kdylqj frqvwdqw fruuhodwlrq zkhq wkh pdunhw idoov/ qdpho|
wkh h{srqhqwldo glvwulexwlrq1
Nh|zrugv= Glvwulexwlrq Ixqfwlrq> Idfwru Prgho> Sruwirolr Glyhuvlfd0
wlrq> Wuxqfdwhg Yduldqfh1
MHO Fodvvlfdwlrq= F49/ J441
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4 Lqwurgxfwlrq
Lw lv d zhoo nqrzq idfw wkdw wkh fruuhodwlrq ri dvvhwv fkdqjhv gxulqj shulrgv ri
kljk pdunhw yrodwlolw|1 Wkhuh lv d frqvlghudeoh olwhudwxuh rq wkh fkdqjlqj qdwxuh ri
fruuhodwlrq xqghu glhuhqw pdunhw frqglwlrqv1 Hlwkhu iru orfdo +h1j1 XV, ru joredo
pdunhwv/ yrodwlolw| lv irxqg wr eh dv|pphwulf dqg wkh fruuhodwlrq lv kljk zkhq
wkh djjuhjdwh pdunhw lv grzq/ exw zkhq lw lv xs wkh fruuhodwlrq lv olwwoh glhuhqw
iurp wkh qrupdo shulrg +h1j1 Orqjlq dqg Vroqln/ 4<<8/ Udpfkpdqg dqg Vxvpho/
4<<;,1 Wdnhq wrjhwkhu/ wkhvh uhvxowv vxjjhvw wkdw kljk srvlwlyh fruuhodwlrq uhgxfhv
wkh ehqhw ri pdunhw glyhuvlfdwlrq dqg wkh hhfwv duh zruvh zkhq wkh pdunhw lv
grzq +vhh Vloydsxooh dqg Judqjhu/ 5334/ iru ixuwkhu uhihuhqfhv rq wkh vxemhfw,1
Wkhvh skhqrphqd kdyh ehhq vhhq dv uhvxow ri qdqfldo frpsoh{lw|1 Qrqh ri wkh
deryh dxwkruv zrun zlwk dvvhw sulflqj prghov1 Wkh| suhihu vrsklvwlfdwhg hfrqrphw0
ulf prghov vxfk dv wkh uhjlph vzlwfklqj DUFK prgho ri Udpfkpdqg dqg Vxvpho
+4<<;,/ nhuqho phwkrgv ri Vloydsxooh dqg Judqjhu +5334,/ ru wkh xvh ri frsxodh wr
fdswxuh qrqolqhdu ghshqghqfh +h1j1 Vdqfhwwd dqg Vdwfkhoo/ 5334,1
Wkh sxusrvh ri wklv sdshu lv wr suhvhqw d vlpsoh dvvhw sulflqj prgho zklfk fdq
fdswxuh doo wkhvh skhqrphqd= Vkdush*v +4<97, pdunhw prgho zklfk lv frpsdwleoh
zlwk wkh fdslwdo dvvhw sulflqj prgho +FDSP,1
Wkh xvh ri d idfwru prgho doorzv xv wr h{sodlq fkdqjlqj fruuhodwlrq dprqjvw
wkh dvvhwv zklfk duh gulyhq e| wkh vdph idfwru1 Zh vkrz wkdw wkh qdwxuh ri wkh
fkdqjh lq wkh fruuhodwlrq lv lqwlpdwho| uhodwhg wr wkh wdlo glvwulexwlrq ri wkh idfwru1
Dv d e|0surgxfw/ zh vhh wkdw wkh dv|pphwu| lq wkh fruuhodwlrq lv d frqvhtxhqfh ri
dv|pphwulf wdlo ehkdylrxu ri wkh idfwru1 Wkhuhiruh/ qrq0olqhdulw| lq fruuhodwlrq lv
qrw d frqvhtxhqfh ri d qrq0olqhdu uhodwlrq ehwzhhq wkh idfwru dqg wkh dvvhwv/ exw
d frqvhtxhqfh ri dv|pphwulf ehkdylrxu ri wkh wdlo glvwulexwlrq ri wkh idfwru lwvhoi1
Iru wklv uhdvrq/ zh frqvlghu wkh yduldqfh ri wkh idfwru frqglwlrqdo rq ehlqj hlwkhu
deryh ru ehorz vrph wkuhvkrog lq rughu wr yhuli| xqghu zkdw glvwulexwlrqdo dvvxps0
wlrqv glyhuvlfdwlrq orrvhv lpsruwdqfh1 Wklv lv wkh nh| frqfhsw iru xqghuvwdqglqj
qrqolqhdu ghshqghqfh lq wkh frqwh{w ri Vkdush*v pdunhw prgho1
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Wkh sodq iru wkh sdshu lv dv iroorzv1 Wkh wkhruhwlfdo uhvxowv duh suhvhqwhg lq
Vhfwlrq 51 D ghwdlohg vwxg| ri wkh frqglwlrqdo yduldqfh iru wkh idfwru ehlqj ehorz
+ru deryh, vrph wkuhvkrog lv surylghg lq Vhfwlrq 61 Ixuwkhu uhpdunv duh frqwdlqhg
lq Vhfwlrq 71 Surriv ri uhvxowv fdq eh irxqg lq wkh dsshqgl{1
5 Idfwru Prghov dqg Fruuhodwlrq dqg Glyhuvl0
fdwlrq
Zh frqvlghu d rqh idfwru prgho uvw1 Wkhq zh h{whqg wkh uhvxow wr g idfwru
prghov1 Zh lqwurgxfh vrph qrwdwlrq1 E~
|

|M]n
lv xvhg wr ghvfuleh d idfwru surfhvv1
Li g :  idfwruv duh frqvlghuhg/ zh pd| zulwh E~
|

|M]n
 E~
c|
c c ~
gc|

|M]n
/ zkhuh
E~
c|

|M]n
lv wkh | idfwru surfhvv1 Wkh idfwruv duh uhvwulfwhg wr eh ruwkrjrqdo wr
hdfk rwkhu/ dowkrxjk wklv lv qrw hvvhqwldo1 Wklv lv qr uhdo uhvwulfwlrq dv zh fdq dozd|v
ruwkrjrqdol}h li wklv zhuh qrw wuxh1 Ixuwkhu/ Ej
|

|M]n
 Ef
c|
c c f
c|

|M]n
lv d
yhfwru ydoxhg surfhvv ri dvvhwv* dulwkphwlf uhwxuqv/ h1j1 Ef
c|

|M]n
lv wkh | dvvhw*v
uhwxuqv surfhvv1 Ilqdoo|/ E%
|

|M]n
 E0
c|
c c 0
c|

|M]n
lv d pduwlqjdoh glhuhqfh
yhfwru ydoxhg surfhvv zklfk vdwlvhv wkh iroorzlqj ruwkrjrqdo frqglwlrq . E~
c|
0
c|
/
;c c |/ zkhuh h{shfwdwlrq lv wdnhq zlwk uhvshfw wr wkhlu mrlqw glvwulexwlrq1 Zh vkdoo
dovr xvh wkh iroorzlqj qrwdwlrq= @ ’ Ek

c c k

/  ’ E@

c c @
g
/ iru duelwudu|
Urpdq dqg Juhhn ohwwhuv1
514 Rqh Idfwru Prgho
Uhfdoo wkdw Vkdush*v rqh idfwru prgho lv jlyhq e|
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iru ghulydwlrqv,1 Vkdush*v prgho/ jhqhudol}deoh wr pdq| idfwruv/ doorzv iru forvhg
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Wkh odvw wzr glvsod|v uhyhdo dq lqwhuhvwlqj frpprq ihdwxuh1 Erwk wkh yduldqfh dqg
wkh fruuhodwlrq duh ixqfwlrqv ri wkh frqglwlrqdo yduldqfh ri ~
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Wklv h{sodlqv wkh idfw wkdw dvvhw glyhuvlfdwlrq fdq ehfrph xvhohvv iru dvvhwv gulyhq
e| wkh vdph idfwru/ xqghu vshflf frqglwlrqv rq wkh wuxqfdwhg yduldqfh ri wkh idfwru1
Wkhuhiruh/ zh fdq irupdoo| vwdwh wkh iroorzlqj1
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Wkh uhdvrq fdq dovr eh judvshg lqwxlwlyho|= dv wkh yduldqfh ri wkh idfwru lq0
fuhdvhv/ wkh yduldqfh ri wkh dvvhwv duh frpsohwho| grplqdwhg e| wkh idfwru li wkh
uhvlgxdov duh lqghshqghqw ri lw1
515 Pxowlidfwru Prghov
Zh fdq h{whqg wkh rqh idfwru prgho wr wkh g idfwru fdvh dv iroorzv
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Dv lq wkh suhylrxv vxevhfwlrq/ li j2
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Wkh nh| lvvxh lv wkdw rqh idfwru jrhv wr plqxv lqqlw| zkloh wkh rwkhuv duh nhsw
{hg1 Iru wklv wr kdsshq/ ruwkrjrqdolw| ri idfwruv lv khosixo1 Wkh pruh jhqhudo
fdvh ri fruuhodwhg idfwruv fdq dovr eh ghdow zlwk e| vlqjxodu ydoxh ghfrpsrvlwlrq1
Dovr/ wkh fdvh ri rplwwhg idfwruv/ l1h1 zkhq wkh frqglwlrqdo fruuhodwlrq pdwul{ lv
qrq0gldjrqdo/ fdq eh ghdow zlwk lq d vlplodu pdqqhu1 Vlqfh qrwdwlrq zrxog ehfrph
pruh xqwlg|/ zh gr qrw frqvlghu wkhvh fdvhv1
516 Sruwirolr Glyhuvlfdwlrq
Rqh ri wkh lpsolfdwlrqv ri wkh olwhudwxuh lv wkdw glyhuvlfdwlrq frxog idlo lq shulrg
ri h{wuhph pdunhw fudvkhv1 Wklv qhhgv fodulfdwlrq/ dqg vr zh suhvhqw d eulhi
glvfxvvlrq ri glyhuvlfdwlrq lq d idfwru prgho frqwh{w dv lq +4,1 Ohw  5 U c vxfk
wkdw 
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vr wkdw wkh uhvlgxdo ulvn +qrq0v|vwhpdwlf ulvn, D
|
lv ghfuhdvhg/ zkloh wkh pdunhw
ulvn +v|vwhpdwlf ulvn, lv xqdhfwhg1 Wkxv rq wklv pdunhw prgho/ dw ohdvw/ zh zrxog
qrw h{shfw wkhuh wr eh dq| lpsdfw rq xqfrqglwlrqdo fruuhodwlrq yld glyhuvlfdwlrq/
exw rqo| rq frqglwlrqdo fruuhodwlrq> wklv lv h{dfwo| zkdw Vloydsxooh dqg Judqjhu
+5334, qg1 Lw lv zruwk qrwlflqj wkdw wr holplqdwh pdunhw h{srvxuh/ dqg khqfh
xqfrqglwlrqdo fruuhodwlrq uhtxluhv vhoolqj wkh pdunhw ru vhoolqj d frpsohwlrq ixqg/
l1h1 d ixqg ghvljqhg wr khgjh idfwru h{srvxuh1
6 Wkh Wuxqfdwhg Yduldqfh
Iurp Wkhruhp 4/ zh nqrz wkdw wkh ehkdylrxu ri wkh wuxqfdwhg yduldqfh lv ri
ixqgdphqwdo lpsruwdqfh iru lwv lpsolfdwlrqv rq ulvn1 Iru frqyhqlhqfh/ zh frqvlghu
wkh uljkw wdlo ri wkh glvwulexwlrq/ l1h1 @o E~
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Lq rughu wr ghulyh pruh jhqhudo uhvxowv/ zh frqvlghu wzr fodvvhv ri udqgrp
yduldeohv= udqgrp yduldeohv zlwk qrqsrzhu wdlov dqg udqgrp yduldeohv zlwk srzhu
wdlov1
614 Qrq0Srzhu Wdlohg Glvwulexwlrqv
Khuh/ zh frqvlghu udqgrp yduldeohv kdylqj wkh iroorzlqj duelwudu| sdudphwulf vshf0
lfdwlrq
/5k i T
b5q E5  f c +6,
zkhuh / lv d frqvwdqw ri lqwhjudwlrq1 Lq wklv fdvh/ 5 zrxog eh d orvv dqg wuhdwhg dv d
srvlwlyh udqgrp yduldeoh1 Iru k ’ fc q ’ 2 zh kdyh wkh +kdoi, qrupdo glvwulexwlrq/
iru k : / q ’ / wkh jdppd zlwk wkh h{srqhqwldo ehlqj d vshfldo fdvh/ iru
:
k ’ q  / wkh Zhlexoo1 Srzhu odzv fdq eh uhfryhuhg iru k 	 f/ q ’ f Krzhyhu/
wkh iroorzlqj uhvxow lv ydolg iru q : f Wkhuhiruh/ zh zloo wuhdw wklv fdvh vhsdudwho|
lq wkh qh{w vxevhfwlrq1 Iru wkh qh{w uhvxow zh qhhg wr uhfdoo vrph idploldu qrwdwlrq1
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K E@c % 
"]
%
5@ i T i5j _5c
zklfk lv wkh frpsohphqwdu| lqfrpsohwh jdppd ixqfwlrq1
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Fruroodu| 41 Ohw ~ eh dv lq Wkhruhp 41 Iru S$4 dqg
l1 iru q 	 c
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Wkhruhp 5 doorzv xv wr fkdudfwhul}h wkh olplwlqj ehkdylrxu ri wkh frqglwlrqdo
yduldqfh iru d zlgh fodvv ri orvv glvwulexwlrqv1
;
615 Wkh H{srqhqwldo Glvwulexwlrq
Wkh h{srqhqwldo glvwulexwlrq uhsuhvhqw dq lpsruwdqw olplwlqj fdvh iru wkh ehkdylrxu
ri wkh wuxqfdwhg yduldqfh1 Lq sduwlfxodu/ wklv glvwulexwlrq lv wkh rqo| rqh wr kdyh
wuxqfdwhg yduldqfh lqghshqghqw ri wkh wuxqfdwlrq ohyho/ l1h1 frqvwdqw1 Zkloh wklv
fdq eh h{shfwhg ehfdxvh ri wkh phpru|ohvv surshuwlhv ri wkh h{srqhqwldo glvwul0
exwlrq/ wkh idfw wkdw wklv lv wkh rqo| glvwulexwlrq vdwlvi|lqj wklv surshuw| lv qrw
qhfhvvdulo| vr reylrxv1 Iru wklv uhdvrq/ zh ghdo zlwk lw vhsdudwho| lq wklv vxevhf0
wlrq1 Wklv surshuw| lv vxppdul}hg lq wkh iroorzlqj uhvxow1
Wkhruhp 61 @o E~m~ : S lv lqghshqghqw ri S li dqg rqo| li ~ lv dq h{sr0
qhqwldo udqgrp yduldeoh1
Xvlqj Wkhruhp 5 dqg 6/ wkh iroorzlqj lv reylrxv1
Fruroodu| 51 Ohw S 5 U
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li dqg rqo| li ~ lv dq h{srqhqwldo udqgrp yduldeoh1
Dv rssrvhg wr Fruroodu| 4/ wklv uhvxow lv h{dfw dqg qrw dq dv|pswrwlf rqh1
616 Srzhu Odzv
Uhvxowv iru srzhu odzv duh h{shfwhg wr iroorz wkh vdph uhvxow ri Fruroodu| 4 iru
q 	 1 Wr jdlq vrph pruh jhqhudolw| dqg fryhu pruh fdvhv ri lqwhuhvw/ zh lpsrvh
wkh iroorzlqj vhplsdudphwulf vshflfdwlrq
s
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E5  u E5 53w3c dv 5 $4c +7,
zkhuh u E% lv vorzo| ydu|lqj dw lqqlw|/ l1h1 *4
%<"u Eb% *u E% $ c ;b : f
+h1j1 Ihoohu/ 4<:4/ fk1 YLLL1; dqg [LLL18,1 Dv reylrxv lqwhjudelolw| frqglwlrq zh
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fdvh/ dqg lq jhqhudo doo glvwulexwlrqv zlwk ohdglqj srzhu whup dw lqqlw|1
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Zh surylgh d ihz looxvwudwlyh h{dpsohv rq wkh ehkdylrxu ri wkh wuxqfdwhg yduldqfh1
Wkh uvw wzr h{dpsohv gr qrw vdwlvi| wkh frqglwlrq ri Wkhruhp 4/ zkloh wkh odvw
wzr gr1 Ixuwkhu/ h{dpsohv 5 dqg 7 frqwdlq vrph h{dfw uhvxowv/ qrw lq whupv ri
vshfldo ixqfwlrqv1
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Fohduo|/ wklv lv qrw dq dv|pswrwlf uhvxow/ dv +7, krogv iru ;5 5 U
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7 Ixuwkhu Uhpdunv
Zh kdyh vkrzq wkdw vlpsoh idfwru prghov fdq jhqhudwh d nlqg ri qrqolqhdu ghshq0
ghqfh xqghu fhuwdlq frqglwlrqv zklfk ghshqg rq wkh wdlo glvwulexwlrq ri wkh idfwruv1
Ixuwkhu/ zh kdyh vkrzq wkdw wkh zhoo nqrzq dv|pphwulf ehkdylrxu ri fruuhodwlrq
lv d frqvhtxhqfh ri wkh wdlo ri wkh gulylqj idfwru ehlqj dv|pphwulf1
Rqh lpsruwdqw frqfoxvlrq derxw rxu vwxg| ri wkh frqglwlrqdo yduldqfh ri wkh
idfwru lv wkdw wkh idfwru vkrxog qrw kdyh vxshu h{srqhqwldo wdlov li Vkdush*v pdunhw
prgho krogv1 Lq wklv fdvh wkh prgho fdqqrw h{sodlq wkh pdq| vw|ol}hg idfwv glvfxvvhg
lq wkh lqwurgxfwlrq1 Ixuwkhu/ e| rxu Wkhruhp 6/ wkh h{srqhqwldo glvwulexwlrq lv wkh
ohdvw vxlwhg fdqglgdwh iru wkh vwxg| ri fkdqjlqj fruuhodwlrq lq qdqfldo sruwirolrv1
Wklv vwdwhphqw vkrxog eh frpsduhg zlwk wkh uhpdun lq Vloydsxooh dqg Judqjhu
+5334/ vhfwlrq 516, dqg uhihuhqfhv wkhuhlq1 Rq wkh rwkhu kdqg/ frpprq sdudphwulf
glvwulexwlrqv olnh wkh w0glvwulexwlrq dqg wkh Zhlexoo zlwk q 	  dsshdu wr eh
dghtxdwh fkrlfhv1
Ixuwkhu/ wkh dv|pphwulf ehkdylrxu ri wkh fruuhodwlrq lv hvvhqwldoo| gxh wr wdlo
dv|pphwu| ri wkh idfwru1 Wklv dv|pphwu| fdq eh prghoohg e| wkh idplo| ri glvwul0
exwlrqv sursrvhg e| Nqljkw hw do1 +4<<8,/ l1h1
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dqg R ’ h E~  f  Wklv zrxog ohdg wr dvvhwv zklfk ehfrph kljko| fruuhodwhg dv
wkh idfwru idoov +h1j1 wkh pdunhw,/ zkloh ehlqj xqdhfwhg zkhq wkh pdunhw ehfrphv
exoolvk1
Uhihuhqfhv
^4‘ Ihoohu/ Z1 +4<:4, Dq Lqwurgxfwlrq wr Suredelolw| Wkhru| dqg Dssolfdwlrqv/
yro1 LL1 Qhz \run= Zloh|1
^5‘ Juhhqh/ Z1K1 +5333, Hfrqrphwulf Dqdo|vlv1 Orqgrq= Suhqwlfh0Kdoo Lqwhuqd0
wlrqdo1
^6‘ Lqjhuvroo/ M1 +4<;:, Wkhru| ri Ilqdqfldo Ghflvlrq Pdnlqj1 Wrwrzd/ QM= Urz0
pdq ) Olwwohhog1
^7‘ Nqljkw/ M1/ V1H1 Vdwfkhoo dqg N1 Wudq +4<<8, Vwdwlvwlfdo Prghoolqj ri Dv|p0
phwulf Ulvn lq Dvvhw Uhwxuqv1 Dssolhg Pdwkhpdwlfdo Ilqdqfh 4/ 48804:51
^8‘ Orqjlq/ I1 dqg E1 Vroqln +4<<8, Lv wkh Lqwhuqdwlrqdo Fruuhodwlrq ri Htxlw|
Uhwxuqv Frqvwdqw= 4<9304<<3B Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh
47/ 60591
^9‘ Royhu/ I1Z1M1 +4<:7, Dv|pswrwlfv dqg Vshfldo Ixqfwlrqv1 Qhz \run= Dfd0
ghplf Suhvv1
^:‘ Udpfkpdqg/ O1 dqg U1 Vxvpho +4<<;, Yrodwlolw| dqg Furvv Fruuhodwlrq dfurvv
Pdmru Vwrfn Pdunhwv1 Mrxuqdo ri Hpslulfdo Ilqdqfh 8/ 6<:07491
^;‘ Urelqvrq/ S1P1 +4<<7, Vhplsdudphwulf Dqdo|vlv ri Orqj Phpru| Wlph Vhulhv1
Wkh Dqqdov ri Vwdwlvwlfv 55/ 848086<1
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^<‘ Vdqfhwwd/ D1 dqg V1H1 Vdwfkhoo +5334, Ehuqvwhlq Dssur{lpdwlrqv wr Frsxod
Ixqfwlrq dqg Sruwirolr Rswlpl}dwlrq1 GDHZrunlqj Sdshu/ Xqlyhuvlw| ri Fdp0
eulgjh1
^43‘ Vkdush/ Z1 +4<97, Fdslwdo Dvvhw Sulfhv= D Wkhru| ri Pdunhw Htxloleulxp
xqghu Frqglwlrqv ri Ulvn1 Mrxuqdo ri Ilqdqfh 4</ 75807751
^44‘ Vloydsxooh/ S1 dqg F1 Judqjhu +5334, Odujh Uhwxuqv/ Frqglwlrqdo Fruuhodwlrq
dqg Sruwirolr Glyhuvlfdwlrq= D Ydoxh dw Ulvn Dssurdfk1 Txdqwlwdwlyh Ilqdqfh
4/ 87508841
D Surriv
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